This paper presents a new adaptive multiscale homogenization scheme for the simulation of damage and fracture in concrete structures. A two-scale homogenization method, coupling meso-scale discrete particle models to macroscale finite element models, is formulated into an adaptive framework. A continuum multiaxial failure criterion for concrete is calibrated on the basis of fine-scale simulations, and it serves as the adaptive criterion in the multiscale framework. Thus, in this approach, simulations start without assigning any material Representative Volume Element (RVE) to the macro-scale finite elements. The finite elements that meet the adaptive criterion and must be entered into the multiscale homogenization framework are detected on the fly. This leads to a substantial reduction of the computational cost especially for loading conditions leading to damage localization in which only a small portion of the FE mesh is enriched with the homogenized RVE. Several numerical simulations are carried out to investigate the capability of the developed adaptive homogenization method. In addition, a detailed study on the computational cost is performed.
Introduction
All natural and man-made engineering materials are heterogeneous at a certain length scale. Macroscopic mechanical properties of materials, such as Young's modulus, tensile and compressive strengths, hygrothermal characteristics, etc., strongly depend on the features of their constitutive heterogeneities. For instance, mechanical properties of concrete, the most used engineering material on earth, directly depend on the mechanical properties of aggregate, cement, admixtures, aggregate size distribution, and aggregate volume fraction. Therefore, employing detailed fine-scale models which take material heterogeneities into account is crucial in order to obtain accurate and informative numerical results. However, the numerical simulation of entire large structural systems such as dams, bridge piers, and nuclear power plants by fine-scale models lead to an enormous number of degrees of freedom and a prohibitive computational cost. This has motivated researchers to develop different categories of multiscale computational frameworks, while the accuracy is still demonstrated to be satisfactory.
Review of the Lattice Discrete Particle Model (LDPM) for concrete
The Lattice Discrete Particle Model (LDPM) constructs the geometrical representation of concrete meso-structure through the following steps: (1) Coarse aggregate pieces, whose shapes are assumed to be spherical, are introduced into the concrete volume by a try-and-reject random procedure. Aggregate diameters are determined by sampling an assumed aggregate size distribution function. Spherical aggregates distribution in a typical dogbone specimen is depicted in Figure 1a . (2) Zero-radius aggregate pieces (nodes) are randomly distributed over the external surfaces to facilitate the application of boundary conditions. (3) Delaunay tetrahedralization of the generated aggregate centers and the associated three-dimensional domain tessellation are then carried out to obtain a network of triangular facets inside each tetrahedral element as shown in Figure 1b . Figure 1c illustrates a portion of the tetrahedral element associated with one of its four nodes I and the corresponding facets. Combining such portions from all tetrahedral elements connected to the same node I, one obtains the corresponding polyhedral particle which encloses the spherical aggregate. Two adjacent polyhedral particles interacting through shared triangular facets are depicted in Figure 1d .
Polyhedral particles are considered to be rigid, and triangular facets, on which strain and stress quantities are defined in vectorial form, are assumed to be the potential material failure locations. Figure 1e presents the polyhedral particle representation of the typical dogbone specimen. One should consider that spherical aggregates are generated to build a discrete model which resembles concrete real meso-structure, while they are not directly used in the numerical solution procedure. Centroid of the spherical aggregates, called "node" for the rest of this paper, and associated polyhedral particles are the geometrical units that are employed in the numerical analysis. Three sets of equations are necessary to complete the discrete model framework: definition of strain on each facet, constitutive equation which relates facet stress vector to facet strain vector, and particle equilibrium equations.
Facet strain definition. Rigid body kinematics is employed to describe the deformation of the lattice/particle system, and the displacement jump, u C , at the centroid of each facet is used to define measures of strain as
where α = N, M, L ( N = facet normal strain component; M and L = facet tangential strain components); r = length of the line that connects the nodes sharing the facet and also the associated tetrahedron edge (see Figure 1b) ; e α are unit vectors defining a facet local Cartesian system of reference such that e N = is orthogonal to the facet, and e M and e L = are the facet tangential unit vectors (see Figure 1c ).
Facet vectorial constitutive equations. Next, a vectorial constitutive law governing the behavior of the material (where the r INT(x) extracts the integer part of the argument x) nodes ciated with each edge e and polyhedral face p, respectively. length of a generic surface edge, A p is the area of a generic polyhedron, and the average surface mesh size h s is chosen at the resolution of the discretization on the surface is comto the one inside the specimen. Numerical experiments ) and numerical (circles) sieve curve; (c) particle system for a typical dogical LDPM tetrahedron connecting four adjacent particles; (f) edge-point ggregate particle. is imposed at the centroid of each facet. In the elastic regime, the normal and shear stresses are proportional to the corresponding strains: t N = E N N ; t M = E T M ; t L = E T L , where E N = E 0 ; E T = αE 0 ; E 0 = effective normal modulus; α = shear-normal coupling parameter. For stresses and strains beyond the elastic limit, concrete mesoscale nonlinear phenomena are characterized by three mechanisms and the corresponding facet level vectorial constitutive equations are briefly described below.
• Fracture and cohesion due to tension and tension-shear. For tensile loading ( N > 0), the fracturing behavior is formulated through an effective strain, = )/α, which are used to define the facet normal and shear stresses as t N = N (t/ ); t M = α M (t/ ); t L = α L (t/ ). The effective stress t is incrementally elastic (ṫ = E 0˙ ) and must satisfy the inequality 0 ≤ t ≤ σ bt ( , ω) where
in which x = max{x, 0}; 0 (ω) = σ 0 (ω)/E 0 ; tan(ω) = N / √ α T = t N √ α/t T in which T = T,max is a history dependent variable, and max = in the absence of unloading. The post peak softening modulus is defined as H 0 (ω) = H t (2ω/π) n t , where n t is the softening exponent, H t is the softening modulus in pure tension (ω = π/2) expressed as H t = 2E 0 / (l t /r − 1); l t = 2E 0 G t /σ 2 t ; and G t is the mesoscale fracture energy. LDPM provides a smooth transition between pure tension and pure shear (ω = 0), with a parabolic variation for strength given by (solid curve in Figure 2a) σ 0 (ω) = σ t r 
where r st = σ s /σ t is the shear to tensile strength ratio. The dashed line in Figure 2a represents the strength domain σ bt corresponding to max = 4σ t /E 0 . Facet t N and t T versus N and T are shown in Figure 2b for pure tension (ω = 0), pure shear (ω = π/2), and ω = π/8 using r=10 mm, α=0.25, E 0 =30 GPa, σ t =3 MPa, σ s =4.5 MPa, l t =100 mm, and n t =0.2. Finally, Figure 2c represents the unloading-reloading rule adopted in this work in terms of the effective stress versus the effective strain relationship in which tr = k t ( max − σ bt /E 0 ), and k t is a material parameter that defines the size of the hysteresis cycle.
• Compaction and pore collapse in compression. Normal stresses for compressive loading ( N < 0) are computed through the inequality −σ bc ( D , V ) ≤ t N ≤ 0, where σ bc is a strain-dependent boundary that depends on the volumetric strain, V , and the facet deviatoric strain, D = N − V . The volumetric strain is computed by the volume variation of the tetrahedral element as V = ∆V/3V 0 and is assumed to be constant for all facets belonging to a given tetrahedron. Beyond the elastic limit, σ bc models pore collapse for ( c0 ≤ − V ≤ c1 ) as a linear evolution of stress for increasing volumetric strain with stiffness H c and compaction and rehardening beyond the pore collapse limit for (− V ≥ c1 ). c0 = σ c0 /E 0 is the compaction strain at which pore collapse starts, and c1 = κ c0 c0 is the compaction strain at the beginning of rehardening. κ c0 is a material parameter, and σ c0 is the mesoscale compressive yield stress. Therefore, one can write
for (− V < 0)
where H c = (H c0 − H c1 )/(1 + κ c2 r DV − κ c1 ) + H c1 ; r DV = | D |/ V0 for ( V > 0) and r DV = −| D |/( V − V0 ) for ( V ≤ 0), in which V0 = κ c3 c0 . H c0 , H c1 , κ c1 , κ c2 , κ c3 are material parameters. These boundaries are shown in Figure 2d as the compressive normal stress versus strain for r DV = 0 and r DV = 1.1. The unloading-reloading path is also shown for the case of r DV = 0 in which E d is the densified normal modulus and is a material property. LDPM parameters considered in plotting these curves are E 0 = 60 GPa, σ c0 =100 MPa, H c0 /E 0 = 0.6, H c1 /E 0 = 0.1, k c0 = 4, by a different value of the deviatoric strain calculated by subtracting the volumetric strain from the normal strain: e D = e N À e V . The definition of the volumetric and deviatoric strains are completely equivalent to the same quantities defined at each microplane in the microplane model formulation [6] .
For a constant deviatoric-to-volumetric strain ratio, r DV = e D /e V , the compressive boundary is assumed to have an initial linear evolution (modeling pore collapse and yielding) followed by an exponential evolution (modeling compaction and rehardening). One can write r bc ðe D ;e V Þ ¼ r c0
for À e DV 6 0 r c0 þ hÀe DV À e c0 iH c ðr DV Þ for 0 6 Àe DV 6 e c1 r c1 ðr DV Þexp½ðÀe DV À e c1 ÞH c ðr DV Þ=r c1 ðr DV Þ otherwise
> < > :
ð23Þ where e DV = e V + be D (compaction strain), b is a material parameter, r c0 is the meso-scale yielding compressive stress, e c0 = r c0 /E 0 is the compaction strain at the onset of pore collapse, H c (r DV ) is the initial hardening modulus, e c1 = j c0 e c0 is the compaction strain at which rehardening begins, j c0 is the material parameter governing the onset of rehardening, and r c1 (r DV ) = r c0 + (e c1 À e c0 )H c (r DV ). The compaction strain e DV corresponds to the volumetric strain for b = 0 and to the normal strain for b = 1; it controls the extent of volumetric effects on the meso-scale compressive behavior and influences the macroscopic triaxial response in compression. In this study the value b = 0 will be assumed.
For increasing r DV , the slope of the initial hardening modulus needs to tend to zero in order to simulate the observed horizontal plateau featured by typical experimental data. This can be achieved by setting
where H c0 , j c1 , and j c2 are assumed to be material parameters.
For compressive loading (e N < 0), the normal stress is computed by imposing the inequality Àr bc (e D , e V ) 6 r N 6 0. Within the boundaries of this inequality, the behavior is assumed to be incrementally elastic: _ r N ¼ E Nc _ e N . In order to model the increased stiffness during unloading, the loading-unloading stiffness E Nc is defined as
where E d is the densified normal modulus. For loading processes at constant r DV , we have and e DV = e V (1 + br DV ) = e N (1 + b r DV )/(1 + r DV ).
In this case, the boundary in Eq. (23) can be expressed as a function of the normal strain e N , shown in Fig. 4d , where the solid and dashed curves represent, respectively, the compressive normal stress versus strain relationship for r DV = 0 and r DV = 1.1. For the case of r DV = 0, the unloading-reloading rule is also shown. For illustration purposes, we assumed parameter values of E 0 = 60,000 MPa, r c0 = 100 MPa, H c0 / E 0 = 0.6, j c0 = e c1 /e c0 = 4, E d /E 0 = 2, j c1 = 1, and j c2 = 5. It is worth noting that the curve relevant to r DV = 0 tend, to a straight line with slope equal to E d for strains such that the slope of the compressive boundary in Eq. (23) is higher than E d .
Frictional behavior
Finally, in the presence of compressive stresses, the shear strength increases due to frictional effects. As often done in the literature, frictional phenomena can be simulated effectively through classical incremental plasticity [22] . Incremental shear stresses can be calculated as _ 
t t t t t t t a b
Macro Continuum RVE problem which, in turn, is a function of ✏ 0 ↵ that is written as
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In concrete and other quasi-brittle materials, strain loca localize in a certain region of the material domain, whi E d /E 0 = 2, k c1 = 1, k c1 = 0.5, and k c3 = 0.1.
• Friction due to compression-shear. The incremental shear stresses in presence of compression are computed aṡ
L =λ∂ϕ/∂t L , and λ is the plastic multiplier with loading-unloading conditions ϕλ ≤ 0 andλ ≥ 0. The plastic potential is defined as
, where the nonlinear frictional law for the shear strength is assumed to be
where σ N0 is the transitional normal stress; µ 0 and µ ∞ are the initial and final internal friction coefficients. Shear strength envelope σ bs and typical shear stress versus strain relationship are shown in Figures 2e and 2f , respectively.
Particle equilibrium equations. Finally, the governing equations of the LDPM framework are completed through the equilibrium equations of each individual particle. Linear and angular momentum balance equations for a generic 7 polyhedral particle can be written as
where F is the set of facets that form the polyhedral particle; A = facet area; superimposed dots represent time derivatives; V is the particle volume; b 0 is the body force vector; t = t α e α = t N e N + t M e M + t L e L is the resultant traction vector applied on each triangular facet; w is the moment of t with respect to the node which is enclosed by the polyhedral particle.
LDPM is implemented in a computational software named MARS [27] and has been used successfully to simulate concrete behavior in different types of laboratory experiments [26] . Furthermore, LDPM has shown superior capabilities in modeling concrete behavior under dynamic loading [28] , Alkali Silica Reaction (ASR) deterioration [29] , fracture simulation of FRP reinforced concrete [30] , as well as failure and fracture of fiber-reinforced concrete [31, 32] .
Multiscale homogenization method
Multiscale homogenization theories are based on two primary assumptions: (1) A certain volume of the material, whose effective mechanical behavior is completely representative of the material response, can be identified. In homogenization theories, this volume of material is called the Representative Volume Element (RVE), in which the internal features of the material structure are modeled explicitly [8] . (2) The "separation of scales" hypothesis is valid, which means that the ratio of the RVE size to the characteristic size of the macroscopic problem is very small.
Furthermore, the ratio of the RVE size to the characteristic length of the fine-scale material heterogeneity, e.g. maximum aggregate size in granular media, is large enough so that the assigned RVE is an appropriate representative of the underlying material.
General definition of the two-scale homogenization problem is depicted in Figure 3 . In Figure 3a , a generic macroscopic material domain is illustrated in a global macro-scale coordinate system, denoted by X. Material is considered to be homogeneous at this scale, and no heterogeneity is taken into account. An enlarged view of the material structure at an arbitrary point in the macro-scale domain is depicted in Figure 3b as a representative volume of the heterogeneous material. One can see that the material heterogeneity is taken into account at this scale, the so-called fine-scale, and is modeled by means of a discrete meso-scale particle model. Therefore, two separate length scales and the corresponding local coordinate systems, x and y, are designated at any point of the material domain to serve as the local macro-and meso-scale problems, respectively. According to the separation of scales hypothesis, the macro-and meso-scale coordinate systems are linked as follows
2. The fine-scale problem
With reference to Fig. 1a , let us consider the interaction limits the analysis to the case of small strains and displacem plastic deformation prior to fracture as observed in brittle an (Cusatis et al., 2011a) can be defined as ( ) 
In above equations, terms of order O(⌘ 2 ) and are continuous with respect to x and discrete (e.i. Based on the rule of separation of scales, th infinitesimal in the macroscopic coordinate x. As a rotation of node P J can be established around point system x. Accepting macroscopic continuity and d one can write
1a, let us consider the interaction of two adjacent particles, I and J, sharing a generic facet. If one case of small strains and displacements -which is a reasonable assumption in the absence of large to fracture as observed in brittle and quasi-brittle materials -meaningful measures of deformation be defined as 
s, terms of order O(⌘ 2 ) and higher are neglected. Functions u 0 (x, y), and u 1 (x, y)
espect to x and discrete (e.i. defined only at finite number of points) with respect to that the asymptotic expansion of rotation field is written considering the fact that, ector corresponds to the curl of displacement vector. Therefore, if one considers a
and subscripts x and y identify the nabla operator in the coarse-and fineherefore, ! 0 , ! 1 are the fine-scale rotations, whereas ' 0 and ' 1 are the corresponding . It is worth mentioning here that, opposed to the displacement asymptotic expansion, pansion of rotation field includes a term of order O(⌘ 1 ) and two distinct terms of e of separation of scales, the inter-particle distance between nodes P I and P J is acroscopic coordinate x. As a result, the Taylor series expansion of displacement and n be established around point P I at coordinate x I in the local macroscopic coordinate macroscopic continuity and di↵erentiablity of the displacement and rotation vectors, where η is a very small positive scalar. Interaction of two neighboring particles, I and J, which share a generic facet is shown in Figure 3c . The strain definition at each facet, Equation 1, can be written in terms of the displacement and rotation vectors of the two particles sharing that facet. For the facet shared between particles I and J one can write
where r = |x
is the vector connecting the particle nodes P I and P J ; e 
where Having the multiple scale definition of facet strains and considering facet elastic constitutive equations t
α , multiple scale definition of facet elastic tractions can be written as t α = η
It can be proven [24] that this asymptotic form of the facet tractions is also valid for the case of facet nonlinear constitutive equations. Using the derived asymptotic form of the facet tractions in the rescaled form of the force and moment equilibrium equations of particle I, Equation 6, one can derive the equilibrium equations governing the problem at different scales as follows
) :
:
In the derivation of above equations, particle force and moment balance equations are rescaled throughĀ = A/η 2 ;
. This is carried out in order to properly collect terms of the same order and obtain governing equations for separate scales. Full derivation of Equations 15 through 17 is reported in [24] . in Cosserat continuum theory. One can find the derivation details of above equations in Ref. [24] .
Main steps of the multiscale homogenization procedure. The overall procedure of the discrete to continuum homogenization scheme explained in this section is illustrated in Figure 4 and can be summarized as follows:
(1) The macro-scale material domain is discretized by FEM, and an RVE constructed by the discrete model is attached to each finite element Gauss point. g material RVE to all finite elements that are used to discretize the macroscopic material domain is nd it increases the computational cost tremendously. Therefore, implementing a criteria to determine ements enter the nolinear regime is crucial. The following adaptive scheme is proposed in this study.
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↵ j is an operator to project macroscopic strain and curvature tensors onto the RVE facets as normal or tangential strain components. Considering Equation 4 , it is concluded that the first term in Equation 16 is the fine-scale definition of the facet normal and tangential strains written in terms of lower-scale displacement and rotation fields u governs the RVE problem, which is as follows when it is scaled back 
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The analysis starts by considering elastic isotropic constitutive at first. When a finite element meets a certain criterion, a RVE RVE is loaded to the level of the finite element strain tensor an rest of the analysis. In this chapter an appropriate criteria is first to investigate the e ciency of the adaptive homogenization fram Step (1) to (6) are repeated for all macroscopic loading steps.
As mentioned above, the RVE problem is solved under periodic boundary conditions, as shown in Figure 4 . To be able to apply periodic deformation on the RVE, each node on RVE face must have a counterpart on the other parallel face, e.g. node a on edge AB and node b on edge CD, depicted in Figure 4 . These nodes are then enforced to translate and rotate equally by applying a master-slave constraint. One should consider that for a 3D RVE, each node on an RVE edge has three counterparts on the other three parallel edges that are tied all together to deform periodically.
Several RVE and two-scale homogenization analyses presented in previous work [24] show that, when the Lattice Discrete Particle Model (LDPM) is used as fine-scale model, the anti-symmetric part of the stress tensor is negligible, and the stress tensor is symmetric. As a result, the moment stress tensor can be assumed to be zero. Therefore, in this paper, strain and stress tensors are assumed to be symmetric, and the curvature and moment stress tensors are omitted from the calculations. This allows the use of classical FEs without rotational DOFs at the coarse-scale.
Homogenized elastic and nonlinear RVE behavior
In this section, RVE homogenized response is investigated in the elastic and nonlinear regimes. 
RVE elastic analysis
Eight RVE sizes D = 15, 20, 25, 35, 50, 75, 100, and 150 mm are considered to study the e↵ect of RVE size on the homogenized elastic properties. In addition, for each RVE size, seven di↵erent particle distributions inside the RVE are analyzed to examine the e↵ect of RVE mesh realization. This analysis is presented in [24] to study the coe cients in elastic constitutive equations for Cosserat continua including anti-symmetric part of the stress tensor as well as the moment stress tensor as a function of curvature tensor. However, in this paper, we only investigate the e↵ective 
Classical linear elastic constitutive equation is considered at the macroscale
where I i j is the identity tensor; s i j is the symmetric strain tensor; µ and are Lame constants, which are related to engineering constants, Young's modulus E and Poisson's ratio ⌫, through E = µ(3 +2µ) +µ and ⌫ = 2( +µ) . These constants can be easily determined by applying proper strain tensors on the RVEs. Variation of the e↵ective Young's modulus and Poisson's ratio with respect to the RVE size is presented in Figure 5 . It is shown that the homogenized values 
Eight RVE sizes D = 15, 20, 25, 35, 50, 75, 100, and 150 mm are considered to study the effect of RVE size on the homogenized elastic properties. In addition, for each RVE size, seven different particle distributions inside the RVE are analyzed to examine the effect of RVE mesh realization. This analysis is presented in [24] to study the coefficients in elastic constitutive equations for Cosserat continua including anti-symmetric part of the stress tensor as well as the moment stress tensor as a function of curvature tensor. However, in this paper, we only investigate the effective 
where I i j is the identity tensor; γ s i j is the symmetric strain tensor; µ and λ are Lame constants, which are related to engineering constants, Young's modulus E and Poisson's ratio ν, through E = µ(3λ+2µ) λ+µ and ν = λ 2(λ+µ) . These constants can be easily determined by applying proper strain tensors on the RVEs. Variation of the effective Young's modulus and Poisson's ratio with respect to the RVE size is presented in Figure 5 . It is shown that the homogenized values 
RVE nonlinear analysis
Nonlinear e↵ective response of RVEs of D = 25, 50, and 100 mm with six di↵erent mesh realizations for each size is studied under uniaxial tension, hydrostatic, confined (uniaxial strain), and unconfined compression while periodic boundary conditions are enforced. Each loading case is carried out on a single hexahedral FE with one integration point coupled with a material RVE. Typical particle representation and geometry of each RVE size are depicted in Figure 6 . Concrete mix design and LDPM parameters that are considered are the same as the ones that are presented in Section 3.1.1.
Stress-strain results obtained from analyzing RVEs with di↵erent mesh realizations are averaged for each RVE size and presented in Figure 7 . Figure 7a shows the homogenized nonlinear RVE behavior under tension, in which it is clearly seen that the post-peak response becomes more brittle as the RVE size is increased. Meso-scale crack opening contour of the damaged RVEs at the end of the analysis are shown in Figure 8 for di↵erent RVE sizes. One can see that damage is localized in a narrow planar region of the specimen, which is the source of the size e↵ect observed in Figure 7a . E↵ective RVE response under hydrostatic and confined compressions are presented in Figure   7b . The observed strain-hardening trend is due to the confinement e↵ect, which leads to di↵used micro-cracks over RVE volume. On the other hand, RVE softening response under unconfined compression loading condition, as shown in Figure 7c , is associated with the vertical splitting cracks generated due to the RVE lateral expansion. Figure 9 presents the crack opening contour of the damaged RVEs, in which one can see multiple splitting cracks developed 15 
Nonlinear effective response of RVEs of D = 25, 50, and 100 mm with six different mesh realizations for each size is studied under uniaxial tension, hydrostatic, confined (uniaxial strain), and unconfined compression while periodic boundary conditions are enforced. Each loading case is carried out on a single hexahedral FE with one integration point coupled with a material RVE. Typical particle representation and geometry of each RVE size are depicted in Figure 6 . Concrete mix design and LDPM parameters that are considered are the same as the ones that are presented in Section 3.1.1.
Stress-strain results obtained from analyzing RVEs with different mesh realizations are averaged for each RVE size and presented in Figure 7 . Figure 7a shows the homogenized nonlinear RVE behavior under tension, in which it is clearly seen that the post-peak response becomes more brittle as the RVE size is increased. Meso-scale crack opening contour of the damaged RVEs at the end of the analysis are shown in Figure 8 for different RVE sizes. One can see that damage is localized in a narrow planar region of the specimen, which is the source of the size effect observed in Figure 7a . Effective RVE response under hydrostatic and confined compressions are presented in Figure   7b . The observed strain-hardening trend is due to the confinement effect, which leads to diffused micro-cracks over RVE volume. On the other hand, RVE softening response under unconfined compression loading condition, as shown in Figure 7c , is associated with the vertical splitting cracks generated due to the RVE lateral expansion. This phenomenon is depicted in Figure 9 , which shows damaged RVEs of di erent sizes at the end of the tensile loading process. The contour plots present meso-scale crack opening distributions corresponding to macroscopic imposed uniaxial strain equal to 10 3 . One can easily notice that the damaged area does not scale with the RVE size leading to the post peak size dependency on the RVE size. Evolution of damage for a 100 mm RVE is also shown in Figure 10 at five di erent macroscopic strain levels. Strain levels (1) and (2) are in pre-peak regime, in which damage is distributed throughout the RVE, 
Adaptive Multiscale Homogenization
Concrete, rock, and other quasi-brittle materials are characterized by strain-softening behavior, which leads to strain localization and instant reduction of stress. This means that damage tends to localize in a certain region of the material domain, while the rest of the material domain unload and remain in elastic regime. Thus, assigning material RVE to all finite elements that are used to discretize the macroscopic material domain is unnecessary, and it increases the computational cost tremendously. Therefore, defining a criterion to determine which finite elements enter the nolinear regime and must be assigned with a material RVE can be highly beneficial. In other words, analysis starts by considering elastic isotropic constitutive behavior for all FEs, and no RVE is assigned to any macroscopic FE in advance. When a finite element meets the defined criterion, an RVE is assigned to that finite element. Next, the inserted RVE is loaded to the level of the finite element strain tensor and is used as the element constitutive equation This phenomenon is depicted in Figure 9 , which shows damaged RVEs of di erent sizes at the end of the tensile loading process. The contour plots present meso-scale crack opening distributions corresponding to macroscopic imposed uniaxial strain equal to 10 3 . One can easily notice that the damaged area does not scale with the RVE size leading to the post peak size dependency on the RVE size. Evolution of damage for a 100 mm RVE is also shown in Figure 10 at five di erent macroscopic strain levels. Strain levels (1) and (2) are in pre-peak regime, in which damage is distributed throughout the RVE, This phenomenon is depicted in Figure 9 , which shows damaged RVEs of di erent sizes at the end of the tensile loading process. The contour plots present meso-scale crack opening distributions corresponding to macroscopic imposed uniaxial strain equal to 10 3 . One can easily notice that the damaged area does not scale with the RVE size leading to the post peak size dependency on the RVE size. Evolution of damage for a 100 mm RVE is also shown in Figure 10 at five di erent macroscopic strain levels. Strain levels (1) and (2) are in pre-peak regime, in which damage is distributed throughout the RVE, This phenomenon is depicted in Figure 9 , which shows damaged RVEs of di erent sizes at the end of the tensile loading process. The contour plots present meso-scale crack opening distributions corresponding to macroscopic imposed uniaxial strain equal to 10 3 . One can easily notice that the damaged area does not scale with the RVE size leading to the post peak size dependency on the RVE size. Evolution of damage for a 100 mm RVE is also shown in Figure 10 at five di erent macroscopic strain levels. Strain levels (1) and (2) are in pre-peak regime, in which damage is distributed throughout the RVE, This phenomenon is depicted in Figure 9 , which shows damaged RVEs of di erent sizes at the end of the tensile loading process. The contour plots present meso-scale crack opening distributions corresponding to macroscopic imposed uniaxial strain equal to 10 3 . One can easily notice that the damaged area does not scale with the RVE size leading to the post peak size dependency on the RVE size. Evolution of damage for a 100 mm RVE is also shown in Figure 10 at five di erent macroscopic strain levels. Strain levels (1) and (2) are in pre-peak regime, in which damage is distributed throughout the RVE, This phenomenon is depicted in Figure 9 , which shows damaged RVEs of di erent sizes at the end of the tensile loading process. The contour plots present meso-scale crack opening distributions corresponding to macroscopic imposed uniaxial strain equal to 10 3 . One can easily notice that the damaged area does not scale with the RVE size leading to the post peak size dependency on the RVE size. Evolution of damage for a 100 mm RVE is also shown in Figure 10 at five di erent macroscopic strain levels. Strain levels (1) and (2) are in pre-peak regime, in which damage is distributed throughout the RVE, This phenomenon is depicted in Figure 9 , which shows damaged RVEs of di erent sizes at the end of the tensile loading process. The contour plots present meso-scale crack opening distributions corresponding to macroscopic imposed uniaxial strain equal to 10 3 . One can easily notice that the damaged area does not scale with the RVE size leading to the post peak size dependency on the RVE size. Evolution of damage for a 100 mm RVE is also shown in Figure 10 at five di erent macroscopic strain levels. Strain levels (1) and (2) are in pre-peak regime, in which damage is distributed throughout the RVE, 
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Concrete, rock, and other quasi-brittle materials are characterized by strain-softening behavior, which leads to strain localization and stress redistribution. This means that damage tends to localize in a certain region of the material domain, while the rest of the material domain unload and/or remains in elastic regime. Thus, assigning material Evolution of damage for a 100 mm RVE is also shown in Figure 10 at five di erent macroscopic strain levels. Strain levels (1) and (2) are in pre-peak regime, in which damage is distributed throughout the RVE, 
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for the rest of the analysis. In this section an appropriate criterion is developed, then some numerical examples are RVE to all finite elements that are used to discretize the macroscopic material domain is unnecessary, and it increases the computational cost tremendously. Therefore, defining a criterion to determine which finite elements enter the nolinear regime and must be assigned with a material RVE can be highly beneficial. This can be obtained by starting the analysis by considering elastic isotropic constitutive behavior for all FEs, and without assigning RVEs to any macroscopic FE in advance. When a finite element meets a criterion, an RVE is assigned to that finite element.
Next, the inserted RVE is loaded to the level of the finite element strain tensor and is used as the element constitutive equation for the rest of the analysis. In the next section, an appropriate criterion is developed, then some numerical examples are solved to investigate the efficiency of the proposed adaptive homogenization framework.
RVE insertion criterion
The Ottosen criterion, which is a combination of Rankine and Drucker-Prager criteria, is widely used to analyze concrete behavior, and it is considered in this section. The Ottosen criterion in the Haigh-Westergard space is stated as [33] 
where ξ and ρ are the Haigh-Westergard space variables defined as
where c 1 , c 2 , and c 3 are constants. I 1 = 3σ v = σ 1 + σ 2 + σ 3 is the first invariant of the stress tensor in which σ v is the volumetric stress, and σ 1 , σ 2 , and σ 3 are the principal stresses.
is the second invariant of the deviatoric stress tensor, and τ oct is the octahedral shear stress. r(θ) defines the shape of in Section 3.1.1. Since changing the RVE size only affects the post peak behavior and has minor effect on the elastic response, as long as D/d a is large enough, the calibrated c 1 , c 2 , and c 3 do not change when a different RVE size with the same LDPM parameters is employed.
It should be noted that the elastic material properties assigned to the FEs at the beginning of the analysis is computed by elastic analysis of the specific RVE, which will be assigned to each FE meeting the criterion during the analysis, as explained in Section 3.1.1.
Adaptive multiscale homogenization procedure. To clarify the computational strategy in the proposed adaptive homogenization framework, a simple concrete prism is modeled with 3 finite elements and is loaded under axial tension, as shown in Figure 11 . The numerical procedure can be described as follows:
(1) The effective young modulus E and Poisson's ratio ν of the chosen RVE are calculated by elastic analysis of the RVE as explained in Section 3.1.1.
(2) The elasticity tensor D i jkl is built by using the calculated effective elastic properties of the RVE, and linear computed by elastic analysis of the specific RVE, which will be assigned to each FE meeting the criterion during the analysis, as explained in Section 3.1.1.
(1) The e↵ective young modulus E and Poisson's ratio ⌫ of the chosen RVE are calculated by elastic analysis of the RVE as explained in Section 3.1.1.
(2) The elasticity tensor D i jkl is built by using the calculated e↵ective elastic properties of the RVE, and linear elastic constitutive equations˙ i j = D i jkl"kl are employed for all FEs, as shown in Figure 11a .˙ i j and" kl are the rates of stress and strain tensors. Once the stress tensor at the Gauss point of a finite element calculated from the elastic constitutive equation meets the criterion, the element constitutive equation is switched from elastic constitutive equation to a mesoscale material RVE, see Figure 11b .
(4) The FE strain tensor is applied on the assigned RVE in order to load the RVE to the current level of the FE stress tensor, and the analysis proceeds using the inserted RVEs as the finite element constitutive equation, see In Figure 11c , one can see that finite elements 2 and 3 unloads, while the finite element 1 enters the softening branch. Considering Figure 11d , it is observed that damage localization occurs in the RVE assigned to finite element 1, while the cracks developed over the RVEs of the finite elements 2 and 3 close, as these finite elements unload. In Figure 11c , one can see that finite elements 2 and 3 unloads, while the finite element 1 enters the softening branch. Considering Figure 11d , it is observed that damage localization occurs in the RVE assigned to finite element 1, while the cracks developed over the RVEs of the finite elements 2 and 3 close, as these finite elements unload. 
Numerical Results

Four point bending test
In this section, the four point bending problem is solved by the proposed adaptive multiscale homogenization, and the results are compared to the full fine-scale analysis of the same problem. A beam of 1250 mm length, 250 mm height, and 50 mm width is selected and modeled by both FEM and LDPM, as shown Figure 12a . The same LDPM parameters listed in Section 3.1.1 are used in these simulations. For the homogenization problem, solid finite elements of 25 mm size are used to discretize the macroscopic problem. In addition, a material RVE of 25 mm size is constructed to be inserted into the adaptive homogenization framework during the analysis. The finite element size and the RVE size are chosen to be equal in order to cover the same damaged area in both homogenization and full fine-scale analyses, which makes the dissipated energy to be equal in both simulations [34, 35] preserving correct energy dissipation and size e↵ect [36] . RVE e↵ective elastic properties are calculated as E = 35 GPa and ⌫ = 0.17 and are employed as macro-scale material properties in the adaptive framework. The beam is simply supported and is equally loaded by two loading platens located at 50 mm from midspan. The calculated force-displacement curves of the homogenization and full fine-scale analyses are plotted in Figure 12b . One can see that homogenization result agrees well with the fine-scale analysis in terms of both the slope of the linear part and the peak value. It is should be pointed out that the oscillations observed in the force-displacement response of the beams is due to fact that the simulations are performed with an explicit dynamic algorithm. Figure 13a shows the FEs " xx contour obtained from the homogenization framework at 0.1 mm displacement of the loading platens, corresponding to a pre-peak load level, see Figure 12b . These contour plots are comparable with the crack opening contours plotted at the same instant of the full fine-scale analysis, as shown in Figure 13c . One 
Numerical Results
Four point bending test
In this section, the four point bending problem is solved by the proposed adaptive multiscale homogenization, and the results are compared to the full fine-scale analysis of the same problem. A beam of 1250 mm length, 250 mm height, and 50 mm width is selected and modeled by both FEM and LDPM, as shown Figure 12a . The same LDPM parameters listed in Section 3.1.1 are used in these simulations. For the homogenization problem, solid finite elements of 25 mm size are used to discretize the macroscopic problem. In addition, a material RVE of 25 mm size is constructed to be inserted into the adaptive homogenization framework during the analysis. The finite element size and the RVE size are chosen to be equal in order to cover the same damaged area in both homogenization and full fine-scale analyses, which makes the dissipated energy to be equal in both simulations [34, 35] preserving correct energy dissipation and size effect [36] . RVE effective elastic properties are calculated as E = 35 GPa and ν = 0.17 and are employed as macro-scale material properties in the adaptive framework. The beam is simply supported and is equally loaded by two loading platens located at 50 mm from midspan. The calculated force-displacement curves of the homogenization and full fine-scale analyses are plotted in Figure 12b . One can see that homogenization result agrees well with the fine-scale analysis in terms of both the slope of the linear part and the peak value. It is should be pointed out that the oscillations observed in the force-displacement response of the beams is due to fact that the simulations are performed with an explicit dynamic algorithm. Figure 13a shows the FEs ε xx contour obtained from the homogenization framework at 0.1 mm displacement of the loading platens, corresponding to a pre-peak load level, see Figure 12b . These contour plots are comparable with the crack opening contours plotted at the same instant of the full fine-scale analysis, as shown in Figure 13c . One can see that the micro cracks generated in the full fine-scale analysis are di↵used over the volume where positive " xx is distributed in the multiscale homogenization analysis. The " xx contour at failure obtained from the multiscale homogenization analysis is depicted in Figure 13b . The localized damage pattern is consistent with the crack opening contour of the full fine-scale analysis at failure plotted in Figure 13d . The homogenization framework successfully replicated the full fine-scale analysis results with respect to both the force-displacement response and the specimen damage distribution.
During the adaptive multiscale homogenization analysis, the macro-scale finite elements that satisfy the RVE insertion criterion are plotted in Figure 14 sequentially. Each subfigure corresponds to a point on the force-displacement curve shown in Figure 14 . One can see that up to point (a), all of the finite element are inside the linear elastic behavior envelope, and elastic constitutive equation is used for all of them. At point (b), sixteen finite elements have met the criterion, and a fine-scale material RVE is assigned to each of those elements. As the analysis continues, more finite elements meet the criterion, which can be seen from Figure 14c to 14f. It is interesting to note that up to the point (f), the shape of the finite elements stack that met the RVE insertion criterion corresponds to the distribution of the positive " xx generated due to the beam bending as shown in Figure 13a . In addition, considering Figures 14g and   14h , the selected finite elements at points g and h, that are placed on the post-peak branch, follow the beam localized damage pattern at failure as shown in Figure 13b . can see that the micro cracks generated in the full fine-scale analysis are diffused over the volume where positive ε xx is distributed in the multiscale homogenization analysis. The ε xx contour at failure obtained from the multiscale homogenization analysis is depicted in Figure 13b . The localized damage pattern is consistent with the crack opening contour of the full fine-scale analysis at failure plotted in Figure 13d . The homogenization framework successfully replicated the full fine-scale analysis results with respect to both the force-displacement response and the specimen damage distribution.
During the adaptive multiscale homogenization analysis, the macro-scale finite elements that satisfy the RVE insertion criterion are plotted in Figure 14 sequentially. Each subfigure corresponds to a point on the force-displacement curve shown in Figure 14 . One can see that up to point (a), all of the finite element are inside the linear elastic behavior envelope, and elastic constitutive equation is used for all of them. At point (b), sixteen finite elements have met the criterion, and a fine-scale material RVE is assigned to each of those elements. As the analysis continues, more finite elements meet the criterion, which can be seen from Figure 14c to 14f. It is interesting to note that up to the point (f), the shape of the finite elements stack that met the RVE insertion criterion corresponds to the distribution of the positive ε xx generated due to the beam bending as shown in Figure 13a . In addition, considering Figures 14g and   14h , the selected finite elements at points g and h, that are placed on the post-peak branch, follow the beam localized damage pattern at failure as shown in Figure 13b . An L-shape specimen subjected to a horizontal force is analyzed by both the full fine-scale particle model and the adaptive multiscale homogenization method. The generated specimens by FEM and LDPM are presented in Figures   15a and b. The specimen is fixed at the left side in all directions, and is subject to a horizontal force by means of a loading plate at the top side. The same LDPM parameters listed in Section 3.1.1 are employed in these simulations. 25 mm side hexahedral solid finite elements are used to discretize the macroscopic problem domain. Similarly to the four point bending problem, the macroscopic FEs and the constructed RVE sizes are considered to be equal, and E = 35
L-shape specimen test
GPa and ⌫ = 0.17 are the RVE homogenized elastic properties that are assigned to the macro-scale finite elements. Figure 15c shows the force displacement curve of the loading plate obtained from the multiscale homogenization and the full fine-scale analyses. One can see that the homogenization result is in relatively good agreement with the full fine-scale analysis result with respect to both the slope of the linear part and the trend of the softening branch. There is approximately a 10% di↵erence in the force peak value, which is due to the coarse finite element discretization of the macroscopic domain in the multiscale homogenization analysis. The damage localization in the finite element analysis is constrained to follow the possible paths provided by the finite element discretization. In the current problem, due to the coarse and roughly structured finite element mesh, possible paths that are available for the strain localization band to develop are limited, which definitely influences the results. In the classical FE simulation of such problems, the FE mesh can be refined to capture the correct localization path. However, in the homogenization analysis, the size of finite element mesh is constrained by the RVE size as its lower limit, which, as discussed in Section 3.1.1, must be larger than ⇡ 3d a to properly represent the behavior of underlying material. Therefore, numerical problems including sharp corners and inclined localization paths can be mentioned as a limitation of the homogenization framework.
The developed damage pattern in the multiscale homogenization and the full fine-scale analyses are presented in 
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An L-shape specimen subjected to a horizontal force is analyzed by both the full fine-scale particle model and the adaptive multiscale homogenization method. The generated specimens by FEM and LDPM are presented in Figures   15a and b. The specimen is fixed at the left side in all directions, and is subject to a horizontal force by means of a loading plate at the top side. The same LDPM parameters listed in Section 3.1.1 are employed in these simulations. 25 mm side hexahedral solid finite elements are used to discretize the macroscopic problem domain. Similarly to the four point bending problem, the macroscopic FEs and the constructed RVE sizes are considered to be equal, and E = 35
GPa and ν = 0.17 are the RVE homogenized elastic properties that are assigned to the macro-scale finite elements. Figure 15c shows the force displacement curve of the loading plate obtained from the multiscale homogenization and the full fine-scale analyses. One can see that the homogenization result is in relatively good agreement with the full fine-scale analysis result with respect to both the slope of the linear part and the trend of the softening branch. There is approximately a 10% difference in the force peak value, which is due to the coarse finite element discretization of the macroscopic domain in the multiscale homogenization analysis. The damage localization in the finite element analysis is constrained to follow the possible paths provided by the finite element discretization. In the current problem, due to the coarse and roughly structured finite element mesh, possible paths that are available for the strain localization band to develop are limited, which definitely influences the results. In the classical FE simulation of such problems, the FE mesh can be refined to capture the correct localization path. However, in the homogenization analysis, the size of finite element mesh is constrained by the RVE size as its lower limit, which, as discussed in Section 3.1.1, must be larger than ≈ 3d a to properly represent the behavior of underlying material. Therefore, numerical problems including sharp corners and inclined localization paths can be mentioned as a limitation of the homogenization framework.
The developed damage pattern in the multiscale homogenization and the full fine-scale analyses are presented in Figure 16 . One can see that the strain localization band obtained from the homogenization analysis approximately matches the crack opening contour captured by the full fine-scale simulation. The RVE insertion sequence is plotted in Figure 17 . One can see that up to point (a) shown on the force-displacement curve, no RVE is assigned to any finite element, and the tensorial elastic constitutive equation is used for all elements. At point (b), six finite elements meet the criteria, and their constitutive equations are switched from the elastic tensorial one to an RVE assigned to their Gauss points. The RVE insertion sequence begins from the sharp corner of the specimen where stress concentration occurs. Strain localization band initiates from this corner and propagates through the specimen. As the loading process continues, more finite elements are equipped with a RVE, and this can be observed as the red area in Figure   17 spreads. In Figure 17h , one can see that the developed red area at the end of the simulation encompasses the band of finite elements where damage localization takes place as shown in Figure 16a .
Computational cost saving
The most significant feature of the proposed adaptive multiscale homogenization scheme is the fact that the fine-scale material RVEs are not assigned to all macroscopic finite elements from the beginning of the analysis, as opposed 
The most significant feature of the proposed adaptive multiscale homogenization scheme is the fact that the fine-scale material RVEs are not assigned to all macroscopic finite elements from the beginning of the analysis, as opposed to the classical homogenization method. In addition, users are not required to specify the finite elements that must be assigned with a material RVE in advance. The computational framework methodically detects the critical finite elements that must be inserted into the multiscale analysis. In the four point bending test problem, 206 finite elements out of the total 1,000 finite elements were enriched with the RVEs (⇡ 20%). Out of the total 680 finite elements in the L-shape specimen problem, only 132 elements met the linear elastic limit criterion (⇡ 19%). In both cases, the proposed adaptive scheme led to a significant computational cost saving. In Figure 18 , the total computational time of the full fine-scale simulations of the beam four point bending test and the L-shape specimen are reported as 180 hours and 23 hours on a single processor, respectively. With the same computational resources, it takes 64 hours (35% of the full fine-scale computational time) for the multiscale analysis of the four point bending test, and 12 hours (35% of the full fine-scale computational time) for the L-shape specimen test.
Another source of computational time saving is the initialization time. The full fine-scale beam generated by LDPM consists of 48,550 nodes and 240,740 tetrahedral elements, while the RVE used in the multiscale analysis includes 163 nodes and 529 LDPM tetrahedral elements. Similarly, the L-shape specimen consists of 31,165 nodes and 150,767 tetrahedral elements, while the fine-scale material RVE is characterized by 154 nodes and 498 tetrahedral elements. Therefore, the amount of time necessary to generate the RVE mesh is negligible compared to the initialization time needed to generate the geometry of the full fine-scale specimens. to the classical homogenization method. In addition, users are not required to specify the finite elements that must be assigned with a material RVE in advance. The computational framework methodically detects the critical finite elements that must be inserted into the multiscale analysis. In the four point bending test problem, 206 finite elements out of the total 1,000 finite elements were enriched with the RVEs (≈ 20%). Out of the total 680 finite elements in the L-shape specimen problem, only 132 elements met the linear elastic limit criterion (≈ 19%). In both cases, the proposed adaptive scheme led to a significant computational cost saving. In Figure 18 , the total computational time of the full fine-scale simulations of the beam four point bending test and the L-shape specimen are reported as 180 hours and 23 hours on a single processor, respectively. With the same computational resources, it takes 64 hours (35% of the full fine-scale computational time) for the multiscale analysis of the four point bending test, and 12 hours (35% of the full fine-scale computational time) for the L-shape specimen test.
Another source of computational time saving is the initialization time. The full fine-scale beam generated by LDPM consists of 48,550 nodes and 240,740 tetrahedral elements, while the RVE used in the multiscale analysis includes 163 nodes and 529 LDPM tetrahedral elements. Similarly, the L-shape specimen consists of 31,165 nodes and 150,767 tetrahedral elements, while the fine-scale material RVE is characterized by 154 nodes and 498 tetrahedral elements. Therefore, the amount of time necessary to generate the RVE mesh is negligible compared to the initialization time needed to generate the geometry of the full fine-scale specimens.
Conclusion
In this paper a recently published multiscale homogenization method, which couples a fine-scale discrete model to a macro-scale continuum model, is implemented in an adaptive framework. An RVE insertion criterion is defined based on the Ottosen failure criteria widely used for the simulation of concrete behavior. On the contrary to the classical homogenization method, there is no need to assign any RVE to any specific part of the macro-scale problem domain ahead of the analysis. The adaptive strategy automatically detects the finite elements that should be inserted into the homogenization framework. Therefore, computational cost is considerably decreased with respect to the classical homogenization method due to less number of RVEs that are assigned to macroscopic finite elements. The adaptive homogenization scheme provides accurate results compared to the full fine-scale simulations.
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